Abstract. We use the theory of q-characters to establish a number of short exact sequences in the category of finite-dimensional representations of the quantum affine groups of types A and B. That allows us to introduce a set of 3-term recurrence relations which contains the celebrated T-system as a special case.
Introduction
The T-systems are important sets of recurrence relations which have many applications in integrable systems. The literature on the subject is vast: we refer the reader to the survey [KNS11] and references therein.
Originally, the T-systems were introduced as a family of relations in the Grothendieck ring of the category of the finite-dimensional modules of the Yangians and quantum affine algebras [KR90, KNS94, Nak03, Her06] . More precisely, the T-systems correspond to a family of short exact sequences of tensor products of Kirillov-Reshetikhin (KR) modules [Her06] . The knowledge of the T-system is one of the main reasons the KR modules are comparatively well understood.
In this paper we argue that other classes of finite-dimensional modules of quantum affine algebras can be studied using recursions similar to the T-systems. We call such recursions extended Tsystems. The sense in which they generalize the usual T-system is perhaps most rapidly understood by examining Figures 3 and 4 , in which simple examples of T-system relations (above) and relations in the extended system (below) can be compared. Let us begin by describing the construction of these recursion relations.
The irreducible finite-dimensional modules of affine quantum groups are parameterized by their highest l-weights or, equivalently, their Drinfeld polynomials. Given an irreducible module T , in many cases there is a natural rightmost and leftmost zero of the set of Drinfeld polynomials of T . We call the irreducible module corresponding to the Drinfeld polynomials of T with the rightmost (resp. leftmost) zero removed the left (resp. right) module, L (resp. R). We call the irreducible module corresponding to the Drinfeld polynomials of T with both rightmost and leftmost zeros removed the bottom module, B. We call T the top module. Obviously, the modules L ⊗ R and T ⊗ B have the same highest l-weights.
We find that in many cases T ⊗ B is in fact irreducible, and the difference L ⊗ R − T ⊗ B in the Grothendieck ring is also a class of an irreducible module. In fact this difference is even special, meaning that it has a unique dominant l-weight. We then proceed to factor the difference into a product of prime irreducible modules N 1 and N 2 , which we call neighbours. Therefore we obtain a The T-systems are functional equations which are widely studied and very important in many parts of mathematics and physics. We hope that many properties and applications of the T-systems can be generalized to the extended T-systems. For example, we expect that the extended T-system has a restricted version, similarly to the usual T-system [IIKNS] .
As a first application of the extended T-systems we consider the corresponding extended Qsystem of type B 2 . We use it to compute the decomposition of B 2 wrapping modules after restriction to the finite quantum group, generalizing the results of [Cha95] .
In types ADE, there is a recent remarkable conjecture on the cluster algebra relations in the category of finite-dimensional representations of affine quantum groups [HL10] which includes the T-system. We should like to think that similar to the T-systems, the extended T-systems would provide a large family of explicit cluster relations in the cluster algebra.
The paper is organized as follows. Section 2 contains background material. In Section 3 we recall the definition of snake modules, and define the neighbours of a prime snake. Then in Section 4 we state our main result, Theorem 4.1. The remainder of Section 4 exhibits various special cases of this theorem. In Section 5 we apply our result to compute the dimensions and U q (g)-decompositions of wrapping modules in type B 2 . To prove Theorem 4.1, we first recall in Section 6 the machinery of paths and moves from [MY] ; then the proof itself is in Section 7. Appendix A is devoted to examples of 3-term relations in types C and D. Finally, in Appendix B, we prove a theorem on thin, special, truncated q-characters which we need in Section 7.
While this paper was in preparation, D. Hernandez and B. Leclerc informed us that motivated by the cluster algebra conjecture they have also proved a number of 3 term relations in types A and B.
Let r ∨ be the maximal number of edges connecting two vertices of the Dynkin diagram of g. Thus r ∨ = 1 if g is of types A, D or E, r ∨ = 2 for types B, C and F and r ∨ = 3 for G 2 . Let r i = 1 2 r ∨ α i , α i . The numbers (r i ) i∈I are relatively prime integers. We set D := diag(r 1 , . . . , r N ), B := DC; the latter is the symmetrized Cartan matrix, B ij = r ∨ α i , α j . Let Q (resp. Q + ) and P (resp. P + ) denote the Z-span (resp. Z ≥0 -span) of the simple roots and fundamental weights respectively. Let ≤ be the partial order on P in which λ ≤ λ ′ if and only if λ ′ − λ ∈ Q + .
Let g denote the untwisted affine algebra corresponding to g. Fix a q ∈ C * , not a root of unity. Define the q-numbers, q-factorial and q-binomial:
[n] q := q n − q −n
2.2. Quantum Affine Algebras. The quantum affine algebra U q ( g) in Drinfeld's new realization, [Dri88] is generated by x ± i,n (i ∈ I, n ∈ Z), k ±1 i (i ∈ I), h i,n (i ∈ I, n ∈ Z \ {0}) and central elements c ±1/2 , subject to the following relations: 
. . x ± i,n π(s) = 0, s = 1 − C ij , for all sequences of integers n 1 , . . . , n s , and i = j, where Σ s is the symmetric group on s letters, and φ ± i,n 's are determined by the formula
There exist a coproduct, counit and antipode making U q ( g) into a Hopf algebra. The subalgebra of U q ( g) generated by (k i ) i∈I , (x ± i,0 ) i∈I is a Hopf subalgebra of U q ( g) and is isomorphic as a Hopf algebra to U q (g), the quantized enveloping algebra of g. In this way, U q ( g)-modules restrict to U q (g)-modules.
2.3. Finite-dimensional representations and q-characters. A representation V of U q ( g) is of type 1 if c ±1/2 acts as the identity on V and
In what follows, all representations will be assumed to be of type 1 without further comment. The decomposition (2.3) of a finite-dimensional representation V into its U q (g)-weight spaces can be refined by decomposing it into the Jordan subspaces of the mutually commuting φ ± i,±r defined in (2.2), [FR98] :
where
For every finite-dimensional representation of U q ( g), the l-weights are known [FR98] to be of the form
where the right hand side is to be treated as a formal series in positive (resp. negative) integer powers of u, and Q i and R i are polynomials of the form
for some w i,a , x i,a ≥ 0, i ∈ I, a ∈ C * . Let P denote the free abelian multiplicative group of monomials in infinitely many formal variables (Y i,a ) i∈I,a∈C * . P is in bijection with the set of lweights γ of the form above according to
We identify elements of P with l-weights of finite-dimensional representations in this way, and henceforth write V m for V γ(m) . Let ZP = Z Y ±1 i,a i∈I,a∈C * be the ring of Laurent polynomials in (Y i,a ) i∈I,a∈C * with integer coefficients. The q-character map χ q [FR98] is then defined by
Let Rep(U q ( g)) be the Grothendieck ring of finite-dimensional representations of U q ( g), and let us write [V ] ∈ Rep(U q ( g)) for the class of a finite-dimensional U q ( g)-module V . The q-character map defines an injective ring homomorphism [FR98] 
For any finite-dimensional representation V of U q ( g), we let
i,a is said to be j-dominant (resp. j-anti-dominant) if and only if u j,a ≥ 0 (resp. u j,a ≤ 0) for all a ∈ C * . A monomial is (anti-)dominant if and only if it is i-(anti-)dominant for all i ∈ I. Let P + ⊂ P denote the set of all dominant monomials.
If V is a finite-dimensional representation of U q ( g) and m ∈ M (V ) is dominant, then a non-zero vector |m ∈ V m is called a highest l-weight vector, with highest l-weight γ(m), if and only if
and x + i,r |m = 0, for all i ∈ I, r ∈ Z, t ∈ Z ≥0 .
A finite-dimensional representation V of U q ( g) is said to be a highest l-weight representation if V = U q ( g) |m for some highest l-weight vector |m ∈ V .
It is known [CP94a, CP94b] that for each m ∈ P + there is a unique finite-dimensional irreducible representation, denoted L(m), of U q ( g) that is highest l-weight with highest l-weight γ(m), and moreover every finite-dimensional irreducible U q ( g)-module is of this form for some m ∈ P + .
For each m ∈ P + , there exists a highest l-weight representation W (m), called the Weyl module, with the property that every highest l-weight representation of U q ( g) with highest l-weight γ(m) is a quotient of W (m) [CP01] .
A finite-dimensional U q ( g)-module V is said to be special if and only if χ q (V ) has exactly one dominant monomial. It is anti-special if and only if χ q (V ) has exactly one anti-dominant monomial. It is thin if and only if no l-weight space of V has dimension greater than 1. In other words, the module is thin if and only if the (φ ± i,±r ) i∈I,r∈Z ≥0 are simultaneously diagonalizable with joint simple spectrum. A finite-dimensional U q ( g)-module V is said to be prime if and only if it is not isomorphic to a tensor product of two non-trivial U q ( g)-modules [CP97] .
Let χ : Rep(U q (g)) → Z[e ±ω i ] i∈I be the U q (g)-character homomorphism. Let wt : P → P be the homomorphism of abelian groups defined by wt : Y i,a → ω i . The map wt induces in an obvious way a map ZP → Z[e ±ω i ] i∈I which we also call wt. Then the following diagram commutes [FR98] :
where res : Rep(U q ( g)) → Rep(U q (g)) is the restriction homomorphism. Define A i,a ∈ P, i ∈ I, a ∈ C * , by
Let Q be the subgroup of P generated by A i,a , i ∈ I, a ∈ C * . Let Q ± be the monoid generated by A ±1 i,a , i ∈ I, a ∈ C * . Note that wt A i,a = α i . There is a partial order ≤ on P in which m ≤ m ′ if and only if m ′ m −1 ∈ Q + . It is compatible with the partial order on P in the sense that m ≤ m ′ implies wt m ≤ wt m ′ .
We have [FM01] that for all m + ∈ P + ,
For all i ∈ I, a ∈ C * let u i,a be the homomorphism of abelian groups P → Z such that
Let v be the homomorphisms of abelian groups Q → Z such that
Note that the (A i,a ) i∈I,a∈C * are algebraically independent, so v is well-defined.
For each j ∈ I we denote by U q r j ( sl 2 (j) ) the copy of U q r j ( sl 2 ) generated by c ±1/2 , (x
be the ring homomorphism which sends, for all a ∈ C * , Y k,a → 1 for all k = j and Y j,a → Y j,a . For each j ∈ I, there exists [FM01] a ring homomorphism i) τ j is injective. ii) τ j refines β j in the sense that β j is the composition of τ j with the homomorphism and extend trunc R as a Z-module map ZP → ZR. Given a subset U ⊂ I × C * , let Q U be the subgroup of Q generated by A i,a , (i, a) ∈ U . Let Q ± U be the monoid generated by A ±1 i,a , (i, a) ∈ U . For each n ∈ Z ≥0 , let Q ± U,(=n) be the set of monomials in the variables A ±1 i,a , (i, a) ∈ U of degree exactly n. Similarly, let Q ± U,(≤n) (resp. Q ± U,(>n) ) be the set of monomials in the variables A ±1 i,a , (i, a) ∈ U of degree ≤ n (resp. > n).
Let us call trunc
In this we follow D. Hernandez and B. Leclerc, who made use of q-characters truncated to sets of the form I × {a, aq, . . . , aq r−1 } in [HL10] .
Given V , a highest l-weight U q ( g)-module with highest monomial m + ∈ P + , and U ⊂ I × C * , we say V is thin in U if and only if trunc m + Q − U (χ q (V )) has no monomial with multiplicity greater than 1. We say V is special in U if and only if m + is the unique dominant monomial of trunc m + Q − U (χ q (V )). In the proof of Proposition 7.4 below we need the following result which gives sufficient conditions for a given set of monomials to be the truncation of a q-character. It is a generalized version of a similar result in [MY] .
Theorem 2.1. Let U ⊂ I × C * . Let m + ∈ P + . Suppose that M ⊂ P is a finite set of distinct monomials such that:
For all m ∈ M and all i ∈ I there exists a unique i-dominant M ∈ M such that
and the module L(m + ) is thin in U and special in U .
Proof. The proof is given in Appendix B.
2.5. Affinizations of U q (g)-modules. For µ ∈ P + , let V (µ) be the (unique up to isomorphism) simple U q (g)-module with highest weight µ. L(m), m ∈ P + , is said to be an affinization of V (µ) if wt m = µ [Cha95] . Two affinizations are said to be equivalent if they are isomorphic as
For all λ ∈ P + , D λ is a finite poset [Cha95] . A minimal affinization of V (λ), λ ∈ P + , is a minimal element of D λ with respect to the partial ordering [Cha95] . Thus a minimial affinization is by definition an equivalence class of U q ( g)-modules; but we shall refer also to the elements of such a class -the modules themselves -as minimal affinizations. Note that in type A all minimal affinizations are in fact evaluation representations.
Snake modules in types A and B
In this section we introduce the class of representations to which our results apply, namely the snake modules, defined in [MY] . We specialize to types A and B: henceforth, g is either a N or b N .
Notation, and the subring
We define a subset X ⊂ I × Z as follows. Type A: Let X := {(i, k) ∈ I × Z : i − k ≡ 1 mod 2}. Type B: Let X := {(N, 2k + 1) : k ∈ Z} ⊔ {(i, k) ∈ I × Z : i < N and k ≡ 0 mod 2}.
For the remainder of this paper, we pick and fix once and for all an a ∈ C * , and work solely with representations whose q-characters lie in the subring
These form a subcategory of the category of all finite-dimensional U q ( g)-modules closed under taking tensor products. It is helpful to define also
for we have, as a refinement of (2.7)
From now on it is convenient to write, by an abuse of notation,
3.2. Snake position and minimal snake position. Let (i, k) ∈ X . A point (i ′ , k ′ ) ∈ X is said to be in snake position with respect to (i, k) if and only if Type A: k ′ − k ≥ |i ′ − i| + 2. Type B:
The point (i ′ , k ′ ) is in minimal snake position to (i, k) if and only if k ′ − k is equal to the given lower bound.
3.3. Prime snake position. Let (i, k) ∈ X . We say that (i ′ , k ′ ) ∈ X is in prime snake position with respect to (i, k) if and only if
Type B:
3.4. Snakes and snake modules. A finite sequence (i t , k t ), 1 ≤ t ≤ M , M ∈ Z ≥0 , of points in X is a snake if and only if for all 2 ≤ t ≤ M , (i t , p t ) is in snake position with respect to (i t−1 , k t−1 ). It is a minimal (resp. prime) snake if and only if successive points are in minimal (resp. prime) snake position. Minimal snakes are prime. The simple module L(m) is a snake module (resp. a minimal snake module) if and only if m = M t=1 Y it,kt for some snake (i t , k t ) 1≤t≤M (resp. for some minimal snake (i t , k t ) 1≤t≤M ). The meaning of snake position is illustrated in Figure 1 . Here and subsequently, in type B we draw the images of points in X under the injective map ι : X → Z × Z defined as follows:
Type A:
(We define ι in type A purely in order to make certain statements more uniform in what follows.) Clearly every snake is a concatenation of prime snakes. Moreover, we have Proposition 3.1. A snake module is prime if and only if its snake is prime. If a snake module is not prime then it is isomorphic to a tensor product of prime snake modules defined uniquely up to permutation.
The proof will be given in §6.7. We also recall [MY] that for any snake (i t , k t ) ∈ X , 1 ≤ t ≤ M , of length M ∈ Z ≥1 , the following are equivalent:
) is a minimal affinization; (2) (i t , k t ) 1≤t≤M is a minimal snake and the sequence (i t ) 1≤t≤M is monotonic.
3.5. Neighbouring points. Suppose (i, k) ∈ X and (i ′ , k ′ ) ∈ X are such that (i ′ , k ′ ) is in prime snake position with respect to (i, k). In this subsection we shall define two finite sequences X
. These sequences each consist of a single point, with an exception in type B where one of them consists of two points.
The motivation for our definition is that if
this will be a special case of Theorem 4.1 below. Neighbouring points are best understood from the pictures in Figure 2 . For example in the generic situation, far from any end of the Dynkin diagram, the points in
} are the vertices of a rectangle as in the following sketch. The formal definition is as follows.
Neighbouring points in type A.
Neighbouring points in type B. We define
3.6. Neighbouring snakes.
Proposition 3.2. Let (i t , k t ) ∈ X , 1 ≤ t ≤ M , be a prime snake of length M ∈ Z ≥2 . Then the sequences formed by concatenating the sequences of neighbouring points,
are snakes in X with no elements in common.
Proof. By inspection, case by case.
We refer to the snakes X (it,kt) 1≤t≤M and Y (it,kt) 1≤t≤M as the neighbours of the prime snake (i t , k t ) 1≤t≤M . The neighbours are generically also prime, but there are exceptions whenever an A-type end of the Dynkin diagram is sufficiently close that some neighbouring points are "missing". For example, in the snake on the left of (3,14) = ∅. The would-be neighbour is (0, 17) / ∈ I × Z. In type A it is clear that every prime snake is strictly longer than its neighbours. In type B this is not always so, but we do have the following. Let hgt : P → Z, the height map, be the homomorphism of abelian groups such that hgt
Y it,kt and hgt
with equality only if the type is B and i t = N for all 1 ≤ t ≤ M .
Proof. By inspection.
The extended T-system
4.1. Main results. We now state the main result of the paper.
Theorem 4.1. Let (i t , k t ) ∈ X , 1 ≤ t ≤ M , be a prime snake of length M ∈ Z ≥2 . Let X := X (it,kt) 1≤t≤M and Y := Y (it,kt) 1≤t≤M be its neighbouring snakes. Then we have the following relation in Rep(U q ( g)).
Moreover, the summands on the right-hand side are classes of irreducible modules, i.e.
The proof is given in §7. In the case of Kirillov-Reshetikhin modules, the theorem is the standard T-system, and is proved [Nak03, Her06] .
Remark 4.2. The statement in the theorem is equivalent to the existence of a short exact sequence of U q ( g)-modules, which is either
or the same sequence with arrows reversed. In the special case of Kirillov-Reshetikhin modules, it is known [Her06] that with the choice of coproduct in which ∆(x
We also have the following, whose proof is similar to that of Theorem 4.1. Theorem 4.3. Let (i t , k t ) ∈ X , 1 ≤ t ≤ M , be a non-prime snake of length M ∈ Z ≥2 . Then we have the following isomorphisms of U q ( g)-modules:
We call the module L( M t=1 Y it,kt ) in (4.1) the top module. In almost all cases the height of the top module is strictly greater than the height of all other participating modules in (4.1), by Proposition 3.3. In the exceptional case, one neighbour may have the same height at the top module, but when this neighbour is treated as the top module in turn, its neighbours have strictly lower height. Therefore the relations (4.1) allow the classes of snake modules to be expressed in terms of classes of snake modules of lower height.
Theorem 4.1 constitutes a system of relations among snake modules. We say a class of modules is closed under the relations (4.1) if and only if whenever the top module is an element of that class, so too are all the other participating modules. In the remainder of this section, we exhibit various closed classes of modules and the corresponding sub-systems of relations.
The sub-systems we exhibit all involve only minimal snakes. Note that the relations of Theorem 4.1 are more general than the ones in §4.2- §4.5. Note also that the class of all minimal snake modules is not closed under relations (4.1).
4.2. Kirillov-Reshetikhin Modules. For any (i, k) ∈ I × Z and m ∈ Z ≥1 , the sequence (i, k + 2tr i ) 0≤t≤m−1 is a minimal snake. It is usually called a q-string. Define
It is convenient also to define π m i,k := 1 for all i / ∈ I.
The relations of Theorem 4.1 close on KR modules, and we recover the usual T-system:
The special cases are i = N − 1 and i = N , as follows: for all k ∈ Z and m ≥ 2
These relations uniquely determine every T m i,k in terms of the classes of fundamental representations, T 1 j,ℓ .
4.3. Minimal affinizations on two neighbouring nodes. The KR modules are the minimal affinizations of the simple U q (g)-modules V (mω i ), m ∈ Z ≥1 , i ∈ I. The relations of Theorem 4.1 also close on the class of minimal affinizations of simple U q (g)-modules of the form V (mω i + nω i+1 ). 
Indeed, given any (i, k) ∈ Z × Z and any m, n ∈ Z ≥0 , let us define
.
Finally, let us define s(λ), λ ∈ Z, to be 0 if λ is even, 1 if λ is odd. Then Given any Λ = i∈I λ i ω i ∈ P + \ {0}, let a := min{i ∈ I : λ i > 0} and b := max{i ∈ I : λ i > 0}. All minimal affinizations of V (Λ) are of the form T 
we have the relations of §4.2; otherwise a < b and we have 
) is a minimal affinization if and only if (i t ) 1≤t≤M is monotonic. In type B, however, monotonicity of the sequence (i t ) 1≤t≤M is not in general preserved by the relations in Theorem 4.1: if a snake has this property, its neighbours may not. This can be seen by considering Figure 2 and will be manifest in (4.8) below. This motivates us to make the following definition. (ii) The relations of Theorem 4.1 close on the class of wrapping modules. Now we write explicitly the relations of Theorem 4.1 for wrapping modules. For convenience, we let r 0 := 2. Given (a, k) ∈ Z×Z and s ∈ Z ≥1 such that 0 ≤ a ≤ a+s−1 ≤ N , and (n 1
Next, given a, b, ℓ ∈ Z such that 0 ≤ a, b ≤ N − 1, and given
and n ∈ Z ≥0 , let:
For any Λ = i∈I λ i ω i ∈ P + \ {0} the minimal affinizations of V (Λ) are T (1 < r ′ < s ′ ).
5. Wrapping modules in type B 2 .
As an application of Theorem 4.1, let us compute the dimensions and U q (b 2 )-module decompositions of the wrapping modules ( §4.5) in type B 2 . For all m, k, n ∈ Z ≥0 , let
and Q m,k := Q m,k,0 . Note that Q m,k,n = Q n,k,m .
Proposition 5.1. For all m, k, n ∈ Z ≥0 we have
Proof. For all ℓ ∈ Z and all m, k ∈ Z ≥0 we have Q m,2k+1,n = res T m,2k+1,n 1,ℓ for all n > 0 and
2,ℓ . In particular Q m,0 = res T m 1,ℓ and Q 0,k = res T k 2,ℓ . The first two equalities therefore follow from (4.9) and (4.5) respectively. The final two equalities, which are the usual Q-system in type B 2 , follow from (4.4).
Proof. We have Q 1,0 ∼ = V (ω 1 ) and Q 0,1 ∼ = V (ω 2 ). The solution to the relations of Proposition 5.1 with these initial conditions is unique, so it is enough to check that (5.1-5.2) is it. Since the U q (b 2 )-character homomorphism χ is injective it is enough to check this at the level of U q (b 2 )-characters.
To do so one can use the Weyl character formula: let ρ be the Weyl vector, W the Weyl group, ℓ : W → Z ≥0 the length function, and Λ ∈ P + ; then
In type B 2 , ρ = ω 1 + ω 2 , W = {id, σ 1 , σ 2 , σ 1 σ 2 , σ 2 σ 1 , σ 1 σ 2 σ 1 , σ 2 σ 1 σ 2 , σ 1 σ 2 σ 1 σ 2 } and the numerator N (Λ) is a sum of |W | = 8 terms:
where y i := e ω i , i = 1, 2. To obtain the numerator of χ(Q m,2k+1,n ) one can perform the sum from (5.2) in each of these 8 terms, since these are geometric progressions. The result is a sum of 8 explicit rational functions of the (y ±1 i ) i∈I ; for example, the rational function obtained by summing the w = id terms is
It is then a direct finite calculation, which we have performed with the aid of the computer algebra system Maxima, to verify that the numerators obey the relations of Proposition 5.1.
The U q (b 2 )-decompositions of the minimal affinizations in type B 2 , i.e. the above expressions for Q m,k , can be found in [Cha95] .
Corollary 5.3. For all m, k, n ∈ Z ≥0 , dim Q m,2k+1,n = 1 3 (k + 1)(n + 1)(m + 1)(n + k + 2)(m + k + 2)(n + m + k + 3).
Proof. This follows from Proposition 5.2 using the Weyl dimension formula.
Remark 5.4. Similar methods can also be used to obtain, for all m, k, n ∈ Z ≥0 , the decomposition of Q m,2k,n into simple U q (b 2 )-modules:
Q m,2k,n is not the restriction of a wrapping module. We have found with the aid of a computer algebra system that, in contrast to Q m,2k+1,n , its dimension does not factor fully to linear factors with integer coefficients.
Some 3-term relations among minimal affinizations in type B 2 , different from the ones in the present paper, can be found in [MP07] .
Paths and moves
In order to prove Theorem 4.1 we first recall from [MY] the closed form for the q-characters of snake modules in terms of non-overlapping paths.
6.1. Paths and corners. For each (i, k) ∈ X we shall define a set P i,k of paths. For us, a path is a finite sequence of points in the plane R 2 . We write (j, ℓ) ∈ p if (j, ℓ) is a point of the path p.
Paths of Type A. For all (i, k) ∈ X , let P i,k := (0, y 0 ), (1, y 1 ) , . . . , (N + 1, y N +1 ) :
We define the sets C p,± of upper and lower corners of a path p = (r, y r ) 0≤r≤N +1 ∈ P i,k to be
Paths of Type B. Pick and fix an ǫ, 1/2 > ǫ > 0. We first define P N,ℓ for all ℓ ∈ 2Z + 1 as follows.
• For all ℓ ≡ 3 mod 4,
and y N − y N −1 ∈ {1 + ǫ, −1 − ǫ} .
• For all ℓ ≡ 1 mod 4,
Next we define P i,k for all (i, k) ∈ X , i < N , as follows. For all (i, k) ∈ X , we define the sets of upper and lower corners C ± p of a path p = (j r , ℓ r ) 0≤r≤|p|−1 ∈ P i,k , where |p| is the number of points in the path p, as follows:
where ι is the map defined in (3.2). Note that C ± p is a subset of X . We define a map m sending paths to monomials, as follows:
(6.2) 6.2. Lowering and raising moves. Let (i, k) ∈ X and (j, ℓ) ∈ W. We say a path p ∈ P i,k can be lowered at (j, ℓ) if and only if (j, ℓ − r j ) ∈ C + p and (j, ℓ + r j ) / ∈ C + p . If so, we define a lowering move on p at (j, ℓ), resulting in another path in P i,k which we write as pA −1 j,ℓ and which is defined to be the unique path such that m(pA
j,ℓ . A detailed case-by-case description of these moves can be found in [MY] , Section 5.
Let (i, k) ∈ X and (j, ℓ) ∈ W. We say a path p ∈ P i,k can be raised at (j, ℓ) if and only if p = p ′ A −1 j,ℓ for some p ′ ∈ P i,k . If p ′ exists it is unique, and we define pA j,ℓ := p ′ . It is straightforward to verify that p can be raised at (j, ℓ) if and only if (j, ℓ + r j ) ∈ C − p and (j, ℓ − r j ) / ∈ C − p .
6.3. The highest/lowest path. For all (i, k) ∈ X , define p + i,k , the highest path to be the unique path in P i,k with no lower corners. Equivalently, p + i,k is the unique path such that:
Type B, i < N :
Define p − i,k , the lowest path, to be the unique path in P i,k with no upper corners. Equivalently, p
is the unique path such that:
6.4. The snake-lowered path. Suppose (i, k) ∈ X and (i ′ , k ′ ) ∈ X are such that (i ′ , k ′ ) is in prime snake position with respect to (i, k). There is a unique path in P i,k that has a lower corner at (i ′ , k ′ ) and no other lower corners: we call this path the snake-lowered path from (i, k) to (i ′ , k ′ ), and denote it p snake i,k;i ′ ,k ′ . By construction, the set of upper corners of p snake i,k;i ′ ,k ′ is precisely the disjoint union
i,k of the neighbouring points, as defined in §3.5. Given any two paths p = (x r , y r ) 1≤r≤n and p ′ = (x r , y ′ r ) 1≤r≤n , n ∈ Z >0 , in P i,k we say p is weakly above (resp. weakly below ) p ′ if and only if y r ≤ y ′ r (resp. y r ≥ y ′ r ) for all 1 ≤ r ≤ n. We also define bot(p, p ′ ) := (x r , max(y r , y ′ r )) 1≤r≤n , which is a path in P i,k which is weakly below both p and p ′ (c.f. Lemma 5.7 of [MY] ).
By inspection the only path weakly above p snake i,k;i ′ ,k ′ with a
6.5. Points above/below paths. We say a point (x, y) is strictly above (resp. strictly below ) a path p if and only if z > y (resp. z < y) for all z such that (x, z) ∈ p.
We say a point (x, y) is weakly above (resp. weakly below ) a path p if and only if, for any point (x, z) ∈ p there is a point (x, z ′ ) ∈ p such that z ′ ≥ y (resp. z ′ ≤ y).
6.6. Non-overlapping paths. Let p, p ′ be paths. We say p is strictly above p ′ , and p ′ is strictly below p, if and only if (x, y) ∈ p and (x, z) ∈ p ′ =⇒ y < z.
We say a T -tuple of paths (p 1 , . . . , p T ) is non-overlapping if and only if p s is strictly above p t for all s < t. Otherwise, for some s < t there exist (x, y) ∈ p s and (x, z) ∈ p t such that y ≥ z, and we say p s overlaps p t in column x. For any snake (i t , k t ) ∈ X , 1 ≤ t ≤ T , T ∈ Z ≥1 , let us define
Generically no two corners of any tuple (p 1 , . . . , p M ) ∈ P (it,kt) 1≤t≤M of non-overlapping paths coincide. The only exception is in type B where it can happen that, for some t, 1 ≤ t ≤ M − 1, a point (N, ℓ) is an upper corner of p it,kt and a lower corner of p i t+1 ,k t+1 . (See Figure 7 in [MY] .) But in that case p it,kt has a lower corner at some (j ′ , ℓ ′ ) ∈ X with ℓ ′ > ℓ. Thus we have Lemma 6.2. Let (i t , k t ) ∈ X , 1 ≤ t ≤ M , be a snake of length M ∈ Z ≥1 and (p 1 , . . . , p M ) ∈ P (it,kt) 1≤t≤M . If (j, ℓ) is a lower corner of some path p t , 1 ≤ t ≤ M and no point (j ′ , ℓ ′ ) ∈ X such that ℓ ′ > ℓ is a lower corner of any path in (p 1 , . . . , p M ), then (j, ℓ) is not an upper corner of any path in (p 1 , . . . , p M ).
Lemma 6.3 ([MY]
). Let p and p ′ be paths in P i,k . Then p can be obtained from p ′ by a sequence of moves containing no inverse pair of raising/lowering moves.
The following is Lemma 5.10 in [MY] .
, the following are equivalent:
(ii) there is a permutation σ ∈ S R such that (j σ(1) , ℓ σ(1) ), . . . , (j σ(R) , ℓ σ(R) ) is a sequence of lowering moves that can be performed on (p 1 , . . . , p M ), without ever introducing overlaps, to yield (p ′ 1 , . . . , p ′ M ).
6.7. The path formula for q-characters of snake modules.
The module L( M t=1 Y it,kt ) is thin, special and anti-special.
We can now prove the proposition on prime snake modules stated earlier:
Proof of Proposition 3.1. Let (i t , k t ) ∈ X , 1 ≤ t ≤ M , be a snake of length M ∈ Z ≥0 . If it is not a prime snake then there is an s, 1 ≤ s < M , such that (i s+1 , k s+1 ) is not in prime snake position to (i s , k s ). Theorem 6.5 and the injectivity of
. By recursion, any snake module is isomorphic to a tensor product of snake modules whose snakes are prime. Now consider the case that the given snake is prime. Let U ⊔ U ′ = {(i t , k t ) : 1 ≤ t ≤ M } be any set partition with U and U ′ non-empty and, without loss of generality, (i 1 , k 1 ) ∈ U . We shall now show that
The points of U may not form a snake but χ q L (i,k)∈U Y i,k always includes the monomial
[CH10] Theorem 3. Therefore, the q-character of the right-hand side contains the monomial m :=
We claim that the q-character of the left-hand side of (6.4) does not contain m. Indeed, suppose for a contradiction that (p 1 , . . . ,
Consider type A. There is no cancellation between m(p t ), m(p s ) for any pair t = s. So each path must have at most one corner, or else m would have too many factors. Therefore each path is either highest or lowest. Then (6.5) can only hold if for all t ∈ U , p t = p − it,kt and for all t ∈ U ′ , p t = p + it,kt . But there is an s such that (i s+1 , k s+1 ) ∈ U ′ and (i s , k s ) ∈ U , so, by definition of prime snake position, p
Consider type B. Cancellations between m(p t ), m(p s ), t = s, can occur only in column N . Every path p t has at least one non-cancelling corner. So, by counting, every path p t must have exactly one non-cancelled corner. Hence, if i t = N then p t must be highest or lowest. So for all t ∈ U such that i t = N , p t = p − it,kt and for all t ∈ U ′ such that i t = N , p t = p + it,kt . Dividing (6.5) by these factors, we have
But now if, for some t such that i t = N , p t is not highest or lowest then it has a corner not in column N , which produces some factor Y ±1 j,ℓ that is neither cancelled nor present on the right-hand condition on k M −t − k M −t−1 . By the non-overlapping property, no path p s or p ′ s , s < M − t − 1, has an upper corner at (j ′ , ℓ ′ ). No path p ′ s , s > M − t, has an upper corner at (j ′ , ℓ ′ ): if (j ′ , ℓ ′ ) is a corner of p ′ M −t−1 then this is immediate from the non-overlapping property, and if (j ′ , ℓ ′ ) is a corner of p M −t−1 then we use the fact that p M −t−1 is strictly above p M −t+1 = p
and therefore also strictly above p ′ M −t+1 . Next, the factor Y −1
Finally, that the fact that if
is clear from the non-overlapping property.
All of these dominant monomials occur with multiplicity one.
Proof. The first part follows immediately from Lemma 7.1, and the second by similar reasoning.
. By Theorem 6.5 we have
for some paths p (t;i,k) , with p (t;i,k) ∈ P i,k for each 1 ≤ t < M and each (i, k) ∈ X t ⊔ Y t .
We would like to show that if nm is not highest then it is not dominant. So suppose nm is not highest, i.e. that at least one of the paths p (t;i,k) , 1 ≤ t ≤ M − 1, (i, k) ∈ X t ⊔ Y t is not highest. Then there exists a (j, ℓ) ∈ X such that (j, ℓ) is a lower corner of at least one of the paths and none of the paths has a lower corner at any point (j ′ , ℓ ′ ) ∈ X with ℓ ′ > ℓ.
Let us suppose for definiteness that (j, ℓ) is a lower corner of a path p (t;i,k) with (i, k) ∈ X t . If instead (i, k) ∈ Y t the argument is similar.
By choice of (j, ℓ) and Lemma 6.2, no path p (t ′ ;i ′ ,k ′ ) , (i ′ , k ′ ) ∈ X t ′ , has an upper corner at (j, ℓ). We shall now argue that no path
Thus it is enough to show that (j, ℓ) / ∈ Y. Suppose (j ′ , ℓ ′ ) ∈ Y is weakly above p + i,k . Then no path in P i,k has a lower corner at (j ′ , ℓ ′ ), so (j ′ , ℓ ′ ) = (j, ℓ).
Let us say such a point (j ′ , ℓ ′ ) is shielded. In that case, if p (t;i,k) has a lower corner at (j ′ , ℓ ′ ) then p (t ′ ;i ′ ,k ′ ) must have a lower corner at some (j ′′ , ℓ ′′ ) with ℓ ′′ > ℓ ′ . So (j ′ , ℓ ′ ) = (j, ℓ).
In type A, this exhausts all the elements of Y. In type B there is one further possibility: there can be at most one point (N, ℓ ′ ) ∈ Y t+1 that is strictly below p + i,k and yet is neither shielded nor strictly below p − i,k . But then ℓ ′ mod 4 is always such that no path in P i,k has a lower corner at (N, ℓ ′ ).
Thus indeed none of the paths has an upper corner at (j, ℓ) ∈ X . Hence nm has a factor Y −1 j,ℓ and is not dominant, as required.
Exclusion argument.
Proposition 7.4. The module L(
Proof. We shall show that if n is any non-highest dominant monomial in χ q (L(
. This is sufficient, for then L(n) cannot appear in the composition series of L( The dominant monomials are catalogued in Proposition 7.2 part (ii). Consider
for any given R with 2 ≤ R ≤ M − 1. We have
This monomial can be written as a product of highest paths, p + i,k for each factor Y i,k that appears in this product. In contrast to snake modules, some of these paths overlap. Nonetheless, we can use Theorem 2.1 to compute enough of the q-character for our purposes.
To do so, let U ⊂ Y be the set of points such that performing lowering moves at these points, in some order, on p
. Lemma 6.3 states that such a set of points exists. See for example Figure 6 . Define
We now argue that (n, M, U ) satisfy the conditions of Theorem 2.1. Recall that we are writing (i, k) for (i, aq k ). Property (i) is by definition of M. Property (ii) is true because every path p ∈ P has a lower corner at some point in {(j, ℓ) ∈ X : (j, ℓ − r j ) ∈ U } and u j,ℓ (n) = 0 for all such points. Note in particular that u i R+1 ,k R+1 (n) = 0. Property (iii) is by inspection. For Property (iv) we have to show that for every m ∈ M and every i ∈ I there exists a unique i-dominant monomial in
It follows from Lemma 6.4 (case M = 1) that there is a unique path p ∈ P such that m = nm(p
and further that the only way to produce a monomial in mZ[A i,k ] k∈Z is to perform the corresponding raising moves at points (i, k − r i ), k ∈ Z, on this path. Thus, if p has no lower corner of the form (i, k), k ∈ Z, then M i = m and this is the only term on either side of (7.5). If p has one lower corner of the form (i, k), k ∈ Z, then M i = mA i,k−r i , and both sides of (7.5) are equal to
). Finally, in type B when i = N and i R < N , it is possible that p has lower corners at (N, k) and (N, k + 2) for some k ∈ Z. In that case M i = mA N,k+1 A N,k−1 and both sides of (7.5) are equal to
N,k−1 ). Therefore Theorem 2.1 applies, and we have
In particular χ q (L(n)) includes the monomial m ′ := nm(p
On the other hand, m ′ is not a monomial of χ q (L(
. Call these the "inner" and "outer" tuples, respectively. By Lemma 6.4 the inner and outer tuples are obtained from the inner and outer tuples of n, namely (p
3), by performing some sequence of moves, such that no inverse pair of moves is performed on either tuple. In particular, only lowering moves can be performed on the outer tuple, since we start with p
. In order to reach m ′ from n, any lowering move at a point not in U must be cancelled by a raising move on the other tuple of paths, and at every point in U we must perform exactly one more lowering move than raising move. Consequently, on the inner tuple we cannot perform any lowering move not in U . But, by inspection, it is not possible to lower the inner tuple at any point in U either. So we must perform, on the outer tuple, at least one lowering move at every point in U . Let K ≥ 1 be the number of lowering moves performed on the outer tuple at the point (i R+1 , k R+1 − r i R+1 ) ∈ U . To avoid overlaps, we must also lower the outer tuple K ′ ≥ K times Y it,kt is as shown on the left below. Single (resp. double) black circles indicate factors Y (resp Y 2 ). The dominant monomial n corresponding to R = 4 is shown on the right. Lowering n at the points in U , as marked, produces a monomial in χ q (L(n)) not present in
Each of the latter moves must be cancelled by a raising move at the same point on the inner tuple. But, again, this creates an overlap unless we also perform at least K ′ raising moves at the point (i R+1 , k R+1 − r i R+1 ) ∈ U on the inner tuple. So the net number of lowering moves at this point is non-positive -a contradiction, since it must be exactly 1.
Finally, we can prove Theorem 4.1.
Proof of Theorem 4.1. An element of χ q (Rep(U q ( g))) is determined uniquely its dominant monomials. Therefore the equality (4.1) follows from Propositions 7.2 and 7.3. Finally, L( Appendix A. Examples in Types C and D As noted in the introduction, we believe that extended T-systems exist in all Dynkin types. Such recursions should allow the classes of (at least) all minimal affinizations to be expressed in terms of the classes of Kirillov-Reshetikhin modules (and hence, by means of the usual T-system, in terms of the classes of fundamental modules). Here we discuss some examples which illustrate new features that arise beyond types A and B.
It should be stressed that all relations in this section are conjectural. We have checked, with the aid of a computer, that they are correct if one assumes that the algorithm of [FM01] gives the correct q-character for all of the irreducible representations that appear.
Since we deal with specific examples only, it is convenient in this appendix to use the shorthand notation 1 0 = Y 1,0 , 2 3 = Y 2,3 and so on. Also, we write [m] for the class of L(m) in Rep(U q ( g)). A single neighbour, L(2 1 1 4 1 6 3 6 ), is generated. It is not a minimal affinization, so, as in type B, the recursion does not close among minimal affinizations. But in type B it was always possible to interpret the neighbours as "snakes": that is, to read the factors of the dominant monomial in order of increasing shift (the lower index), such that, in particular, no non-neighbouring pair defines a minimal affinization. Here, both L(2 1 1 4 ) and L(2 1 3 6 ) are minimal affinizations, so the structure is rather to be thought of as pictured in Figure 7 . Thus, when we come to treat L(2 1 1 4 1 6 3 6 ) in turn as the top module, we should certainly take 2 1 as the leftmost factor, but it is unclear whether 1 6 or 3 6 is rightmost. However, it appears that either choice works. For example, if we pick 3 6 we find the relation In the neighbouring module L(2 −3 2 −1 2 1 1 4 1 6 1 8 1 10 3 6 3 10 ), the factor 2 1 is "trivalent", c.f. the picture in Figure 7 . Choosing 3 10 to be the rightmost factor, 1 2 1 4 1 6 1 8 1 10 ] and so on. Observe that the neighbours generated here are all, once more, minimal affinizations; in particular they do not have any "trivalent" factors. Appendix B. On Thin Special Truncated q-characters
In this Appendix we prove Theorem 2.1. We shall need the following two results.
Proposition B.1 ( [MY] ). Let V be a finite-dimensional U q ( g)-module and m, m ′ ∈ M (V ). Let |m ∈ ker φ ± i (u) − γ(m) ± i (u) ⊂ V m for all i ∈ I. Then, for all j ∈ I, at least one of the following holds:
(1) there is an a ∈ C * such that m ′ = mA j,a (resp. m ′ = mA −1 j,a ), or (2) for all r ∈ Z, when x + j,r |m (resp. x and similarly χ ≤n and M ≤n . Given property (i), to prove the equality (2.11) it is sufficient to establish the following claim for all n ∈ Z ≥0 .
Claim:
We proceed by induction on n. The claim is true for n = 0, given Property (ii). So for the inductive step, let n ∈ Z >0 and suppose the claim is true for n − 1. It follows from Proposition B.1 that all monomials m ′ of χ n are of the form mA −1 i,a for some monomial m of χ n−1 and some (i, a) ∈ I × C * . For suppose not: then by Proposition B.1, L(m + ) m ′ contains a highest l-weight vector and so generates a proper submodule -a contradiction. Therefore by the inductive hypothesis all monomials m ′ in χ n are of the form mA −1 i,a for some m ∈ M n−1 and some (i, a) ∈ I × C * . By definition of χ n , (i, a) ∈ U .
Property (ii) implies that if m ′ ∈ M n then there exists an i ∈ I such that m ′ is not i-dominant. Hence Properties (i) and (iv) together imply that every m ′ ∈ M n is also of the form mA −1 i,a for some m ∈ M n−1 and some (i, a) ∈ U .
Consequently, it is enough to consider monomials of the form mA We shall now complete the inductive step by showing that in case (I), mA −1
i,a appears, with coefficient exactly 1, on both sides of (B.2), while in cases (II) and (III), mA i,a ∈ M (note that β i is injective when restricted to mQ {i}×C * ). By the injectivity and property (2.9) of the homomorphism τ i we deduce that mA i,a cannot appear in χ q (L(m + )) because it is not part of a consistent U q r i ( sl 2 (i) )-character.
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